High penetration of photovoltaic (PV) generators can lead to voltage issues in distribution networks. Various approaches including the real power control through PV inverters have been proposed to address voltage issues. However, among different control strategies, communication delays are inevitably involved and they need to be carefully considered in the control loop. Those delays can significantly deteriorate the system performance with undesired voltage quality, and may also cause system instability. In this paper, according to the inverter based active power control strategy, a linearized state space model with communication delay is presented. A delay dependent stability criterion using linear matrix inequality (LMI) approach is used to rigorously obtain the delay margins based on different system parameters. The method can handle multiple PVs in the distribution network as well.
I. INTRODUCTION
As one of the most important clean renewable sources for sustainable energy development, PV generation has been rapidly increased for more than two decades worldwide [1] . The majority of the PV systems has been and will be installed in distribution networks. As a result, the PV penetration level will become unprecedentedly high (e.g. well over 50%) and continue to grow around the world [2] . The high penetration of PV systems has led to great technical challenges, including voltage problems, harmonics, grid protection, etc., in the operation and development of modern distribution networks [3] , [4] .
A poor voltage profile in a distribution network may lead to issues of power quality, equipment safety, system reliability and stability, and thus can raise system losses and cause equipment damages. Overvoltage is one of the most significant concerns among the above mentioned challenges, and limits the capacity of PV accommodation. Overvoltage issues may happen when the solar irradiance is high while the load demand is low so that the voltages at certain nodes may exceed the upper acceptable limit due to reverse power flows. Active power curtailment (APC) methods have been widely studied to address overvoltage issues by exploring the real power control capability of PV inverters, such as droop based active power curtailment, global voltage sensitivity matrix method, adaptive real power capping method, as well as consensus based method [5] - [10] . However, most of those approaches are based on the assumption that the control signals and all the measurements are obtained, processed and delivered in an ideal communication environment with no communication delays. Due to large numbers of components in distribution networks, it is not economically feasible to have dedicated channels for communications among local control devices and between local control devices and the central controller. For communications over a shared channel, delays and losses are inevitable, which introduce a great challenge for control of distribution networks with high penetration of PVs.
Linear matrix inequality (LMI) based stability methods have been studied extensively in recent decades. According to [11] - [13] , different stability criteria with respect to different types of communication delays, such as time-invariant delay and time-variant delay, were investigated. In [14] , [15] , LMI based state feedback controller designs were provided according to the state space mode,l and a controller K was designed to stabilize the system with communication delays. In power systems, LMI approach has been used in load frequency control to mitigate the impact of communication delays existing at the area control error (ACE) signals. A frequency regulation controller was designed in [16] based on an asymptotically stable LMI constraint illustrated in [17] . An LMI based design was also used in [18] to derive different controller parameters for frequency regulation of large power systems under different communication delays.
For distribution networks with high penetration of PVs, it is necessary to have a controller that can guarantee the systems' stability and performance while the systems are subject to various disturbances (load and solar irradiance variations) and communication delays. Therefore, in this paper, in addition to control the voltage in the distributed network via active power, an LMI based stability criterion will also be studied according to the state space model considering communication delays.
The rest of the paper is organized as follows:
The system under study is discussed and the model of multiple PV connected distribution network with communication delay is given in detail in Section II. The LMI based delay-dependent timeinvariant stability criterion is given in Section III. Simulation studies are carried out based on the active power control method in a small distribution system in Section IV, followed by the calculations of delay margins with respect to different system parameters. The conclusion is drawn in Section V. 
II. MODEL OF A GRID-TIED PV SYSTEM WITH POWER

CONTROL CAPABILITY
The newly developed smart PV inverters are equipped with the capability of regulating real power between zero and the maximum power point (MPP) and providing reactive power compensation [19] . The PV systems can then operate as controllable sources. Nevertheless, most of the distributed PV systems have limited reactive power regulation capabilities such as adjusting power factor between 0.95-lead and 0.95lag due to economic considerations [19] . Moreover, the focus of this paper is on the impact analysis and mitigation of communication delays for voltage regulation of distributed PVs. Therefore, only real power control is considered for PV systems in this paper. Reactive power regulation with communication delays can be studied in a similar way.
The schematic diagram of a grid-tied PV system with real power control capability for voltage regulation is shown in Fig. 1 . The system has three major parts: the plant model, the inverter controller and the grid voltage controller. The plant model is the main power circuit of the system. There is no DC/DC converter in the circuit and the DC/AC inverter is used to not only convert DC power into AC, but also achieve real power control via the inverter controller. The inverter controller regulates the PV output current (i pv ) to follow the PV current reference ( The state variables of the system are chosen as follows:
x 1 : the integrator output of P I 1 x 2 : the integrator output of P I 2 x 3 : the first order response of i d ref x 4 : the integrator output of P I 3 x 5 : the d-axis component of the output current i d x 6 : the input current of the inverter i dc inv x 7 : the voltage of the dc side of the inverter V dc , V dc = V pv x 8 : the integrator output of P I 4 The detailed dynamic model of the PV system is shown in Fig. 2 . For analysis, the system is a linearized model. It should be noted that the model is for the jth PV system. The subscript j is omitted for the cases where the omission will not cause confusion. In the figure, the four PI controllers are represented by (K P i + K Ii /s), i = 1, ..., 4. T 2 is a linearized model for describing the V − I characteristic of the PV panel.
The PV system normally works between V M P P and V oc , as shown in Fig. 3 . V oc is the open circuit voltage of the P V panel and V M P P is the voltage at the maximum power point. V oc is a function of solar irradiance, temperature, the material of the panel, the number of PVs connected in series, etc. For a fixed PV panel, if the solar irradiance and the temperature are constant, then V oc is also a constant. The V − I relationship of the PV panel can be represented as: 
where I M P P is the corresponding PV current when the PV works at its maximum power point. The dc input current to the inverter is determined by the inverter output current, and ultimately by the inverter output power. The relationship between the input and output currents of the inverter is modeled by a first order system in this study.
where i d is the d-axis component of the inverter output current, i dc inv is the dc input current of the inverter, and τ 2 is the time constant of the first order system. K 2 is a constant, which can be calculated based on power balancing between the input and output powers of the inverter. Assuming there is no power loss in the inverter and the d-axis is aligned with phase A, the following power balance equation can be established when there is no reactive power (i.e., iq = 0, E q = 0): where E d is the d-axis component of the grid voltage, and E q is the q-axis component of the grid voltage. In this case, K 2 can be obtained as:
The block of f Fig. 2 is used to represent the power network algebraic equations that link the injected currents and the system bus voltages. The system bus voltages (V bus ) can be obtained based on the system impedance matrix (Z bus ) and the injected current sources (I bus ) as [20] :
For instance, the voltage of bus j in the power network can be obtained as:
where i di (i = 1, ..., n) are the injected currents from the P V sources and n is the total number of PVs in the distribution grid. V 0 j is the voltage contribution to bus j from other generation sources i k , which is a constant in this study. K 4 is a constant coefficient that converts the voltage error (V ref,j − V j ) into a power change signal to control the P V system. From the control viewpoint. In practice, K 4 can be obtained from the Jacobian matrix of the network. Therefore, based on the above assumptions, linearizations and simplifications, the state space model of the proposed system can be developed, which is composed by the PV subsystem dynamics and the grid voltage controller:
1) Subsystem Dynamics: The subsystem dynamics describe the transient characteristics of the PV systems and the inverter controller. As shown in Fig. 2 , the state space representation of the subsystem dynamics of PV j can be written as:
The u j is the input to the subsystem, and i pv ref,j is the output of the grid voltage controller. The output y j is the daxis component of the PV output current i dj , and σ j is the disturbance. The disturbance is represented as the open circuit voltage (V oc in Fig. 2 ) of the PV panel in this study. V oc will change as the solar irradiance varies.
2) Grid Voltage Controller: The state space representation of the grid voltage controller is shown in (9):
where ω j is the input of the local controller and it equals to (V ref,j − V j ). u j is the output of the controller, which is i pv ref,j , and it is used as the input in (8) . A F j , B F j , C F j and D F j can be found in (10):
In a distribution network with a central controller, the other PVs in the network may be subject to similar communication delays when there is a control signal sent from the same controller. A single delay e −τ s is used in this study to approximate such scenarios. Therefore, the input to the subsystem shown in Fig. 2 can be written as u j (t − τ ). Take the 2-PV system in Fig. 4 as the example. Substitute (9) and (7) into (8), the state space model of the delayed system can be written as:
where
Z ij can be found in (6) , new state variable x (t) is a combination of x j (t) and z j (t), σ (t) is the new system disturbance composed by σ j (t) and V ref,j (t). Other notations are similar as those in (9) and (8) . For system with n PVs installed, the state space model can be extended by the same approach.
III. DELAY-DEPENDENT TIME-INVARIANT STABILITY CRITERION
Consider a system with time delaẏ
where τ is the time delay. The system stability holds for τ < τ d , where τ d is the stability margin, and for τ > τ d , the system is unstable. Many methods can be used to calculate τ d . A delay-dependent time-invariant stability criterion proposed in [11] can be used to determine the delay margin of a distribution network with PVs installed: T heorem 1: Assume that an uncertain time-invariant time delay in [0, τ d ], i.e., τ ∈ [0, τ d ]. Then if there exists P > 0, Q > 0, V > 0 and W such that
then the system is asymptotically stable. The proof of this theorem can be found in [11] .
IV. CASE STUDY
In this section, simulation studies are carried out based on the proposed active power control method. The LMI based stability criterion is also studied to calculate the delay margin of the PV connected distributed system. The effectiveness of the voltage regulation method is verified in a delay free system, and the delay margins are calculated according to (11) and (13) , by using different system parameters.
A. Active Power Voltage Regulation
The simulation study is carried out in a small test network in Fig. 4 . The test network is a residential suburban feeder with 6 sub-communities. The LV feeder is connected to the grid through a 25kV/0.4kV transformer. Each load in Fig.  4 represents an individual sub-community with a different level of power consumption. The PV systems are connected to Nodes 6 and 7 to provide additional power to the grid. Nodes 1 to 6 are relatively close to each other while Node 7 is connected to the network via a 3.0 km power line. The solar irradiance is set to 1000W/m 2 at 25 • C to simulate a condition that may generate an undesired voltage profile. The sizes of the loads are also shown in Fig. 4 .
The performance of the PV active power curtailment method is shown in Fig. 5 , where the voltage profile of Node 6 is 1.06 
B. Delay-dependent Stability Criterion
The delay-dependent time-invariant stability criterion can be obtained by solving the LMI in (13) with different sets of gains of the PI controllers. Table I shows the different delay margins with respect to different K P 4 and K I4 . The results of τ d indicate that for a constant communication delay, the delay margin τ d increases with the decreasing of K P 4 and K I4 , especially when K P 4 and K I4 are small (e.g., K P 4 =0.01, K I4 = 0.5). As shown in Fig. 6 , a very sharp increase can be found when the corresponding parameters are relatively small.
The simulation study has also been carried out to verify the accuracy of the calculated delay margin according to the linearized model. Due to the linearization, there is a small error between the calculated value τ d and the real value obtained from the simulation study. For instance, the delay margin is calculated as 0.156s when K P 4 =0.05, K I4 =2 (shown in Table  I ). According to the simulation result given in Fig. 7 , the real delay margin is found to be 0.144s. When the delay exceed the cirtical value (e.g., τ =0.15s), the voltage profile shown in Fig. 7 (dash-dot) indicates the system becomes unstable. The delay margin obtained can help set the upper bound of the communication fault counter [18] to extend the service time. The obtained delay margin can also be used in designing a delay compensator to improve system performance and stability.
V. CONCLUSION
In this paper, the state space model of a distribution network with PVs considering communication delay has been developed. A delay-dependent time-invariant stability criterion was established by solving the LMI constrains. The delay margins have been obtained for different system parameters. Simulation studies have been carried out on a distribution network with two PVs to verify the calculated delay margins. There are some small differences between the theoretically calculated values and the simulation values due to the errors introduced by the linearization in modeling. The obtained delay margin information is useful in system controller design for a better system performance and a larger stability margin.
